ABSTRACT. In this paper we prove the Rigidity Theorem for motives of rigid analytic varieties over a non-Archimedean valued field K. We prove this theorem both for motives with transfers and without transfers in a relative setting. Applications include the construction ofétale realization functors, an upgrade of the known comparison between motives with and without transfers and an upgrade of the rigid analytic motivic tilting equivalence, extending them to Zr1{ps-coefficients.
INTRODUCTION
The history of the Rigidity Theorem for motives traces back (at least) to the computations of algebraic K-theory groups made by Suslin in the eighties to prove the Quillen-Lichtenbaum Conjecture [25, 26] . In the subsequent decade, Suslin and Voevodsky realized that those computations were special cases of a general phenomenon common to all homotopy-invariant sheaves with finite coefficients over the bigétale site over a scheme [32] . In modern terms these results are referred to as "Rigidity Theorems" and can be rephrased using the language of motives by saying that the category DAé t pS, Λq of derivedétale stable motives without transfers over a scheme S is equivalent to the derived category DpSé t , Λq of Λ-sheaves on the smallétale site over S, if Λ is an N-torsion ring with N P N invertible in S (under some hypotheses on the cohomological dimension of S, see [2] ).
Other instances of "Rigidity" are known. For example, the one for motives with transfers [13] , or for K-theory and Chow groups (see [10, 16] ). This paper treats the Rigidity Theorem in the context of motives of rigid analytic varieties over non-Archimedean valued fields, introduced in [5] by Ayoub, both in their version with and without transfers. More precisely, given any normal rigid analytic variety S over K, we denote by RigDAé t pS, Λq (resp. RigDMé t pS, Λq) the category ofétale motives without transfers (resp. with transfers) over S
NON-ARCHIMEDEANÉTALE MOTIVES
The following notation is fixed throughout the paper. We will use the language of rigid analytic varieties following Tate, see [11] . On the other hand, we recall that the (topos theoretic) underlying topological space of a rigid analytic variety is described by the adic spectrum (see [20] ) and we will typically use notations and results written in the language of adic spaces, following Huber. In particular, we will use the notation Spa to denote the analytic spectrum.
‚ With K we always denote a field which is complete with respect to a (fixed) non-trivial non-Archimedean valuation ||¨|| : K Ñ R ě0 with a finite ℓ-cohomological dimension, for any prime ℓ which is invertible in its residue field. ‚ A Tate algebra over K is a topological ring A obtained as a quotient of the completion Kxx 1 , . . . , x n y of the polynomial ring Krx 1 , . . . , x n s with respect to the Gauß norm. Its analytic spectrum is denoted by Spa A. ‚ An affinoid rigid analytic variety [resp. a rigid analytic variety] is a locally ringed space which is [resp. locally] isomorphic to the analytic spectrum Spa A of a Tate algebra A. ‚ We denote with B 1 K the closed unit ball. This is the affinoid space Spa pKxT yq. For any analytic space S we denote by B 1 S " B 1 KˆK S the (closed) unit disc over S. ‚ Let A be a Tate algebra. The analytification functor from schemes of finite type over Spec A to analytic varieties over Spa A is denoted p.q an . It is defined by means of the following universal property:
Hom Spa A pSpa B, X an q -Hom Spec A pSpec B, Xq for any Tate algebra B over A. ‚ If Λ is a (commutative, unital) ring, and C is a category [resp. a site] we let PshpC, Λq
[resp. ShvpC, Λq] be the category of presheaves [resp. sheaves] on C with values in Λ-modules. ‚ Let S be a rigid analytic variety over K. We denote by Sé t the smallétale site over S and by Sm S the site of smooth analytic varieties over S equipped with theétale topology. ‚ For any scheme or rigid analytic variety S, DpSé t , Λq denotes the (unbounded) derived category of the category of sheaves of Λ-modules over the smallétale site over S. We also recall the definitions of the (unbounded, derived,étale) motivic categories of algebraic and rigid analytic varieties as defined by Ayoub [5] . We will make use of the language of model categories (even though everything can be restated in terms of DG-categories or 8-categories) for which we refer to [18] . Categories of complexes of presheaves ChpPshpC, Λqq will be endowed with the projective model structure (see [14] ). We refer to Section 2 of [28] for more details about RigDA ef et pS, Λq (in its Nisnevich form). We only point out that this DG-category can be defined as a Verdier quotient of DpPshpSm S , Λqq with respect toétale descent and B 1 -invariance. It therefore enjoys the following universal property: any functor F from Sm S to a Λ-enriched model category M satisfyingétale descent and B 1 -invarince admits an extension to a Quillen adjunction LF˚: RigDA ef et pS, Λq Õ HopMq : RF˚. See [12, 14] For the general theory of stabilization of categories the reader is referred to [19] and [4] . We only remark that RigDAé t pS, Λq is once again the homotopy category of the model category of symmetric T S -spectra of (the pB 1 ,étq-localization of) ChpPshpSm S , Λqq and that there is a natural (left Quillen) functor RigDA ef et pS, Λq Ñ RigDAé t pS, Λq which is a tensorial functor also enjoying a universal property, with respect to making the endofunctor p´q b T S invertible. We will typically use spectra (rather than symmetric spectra) as a model of RigDAé t pS, Λq in proofs, which is allowed by means of [4, Théorème 4.3 .79].
Remark 1.4. In the case when K has is equipped with the trivial valuation, the theory of rigid analytic varieties collapses to the usual theory of algebraic varieties. The motivic categories defined above coincide then with the classical categories ofétale motives, denoted by DA ef et pS, Λq and DAé t pS, Λq (see [2] ). In this work we also deal with motives with transfers, whose definition we now recall (see also [5] and [29] Remark 1.7. Once again, whenever K is endowed with the trivial valuation, the definitions above recover the usual categories of (derived,étale) motives with transfers over S, denoted by DM ef et pS, Λq and DMé t pS, Λq (see [13] We recall that in a triangulated category, an object S is compact if the functor Hom pS,´q commutes with direct colimits. A triangulated category is compactly generated if there is a set of compact objects S for which the smallest triangulated subcategory with small sums containing them is the whole category. This property is technically very convenient, and the following fact will be used several times throughout the paper. Take Λ to be N-torsion with N invertible in K. The classic Rigidity Theorem can be restated by saying that algebraic Artin motives (i.e. Artin motives with respect to a trivial valuation of K) are equivalent to DpSé t , Λq as well as to the categories of stable motives DAé t pS, Λq and DMé t pS, Λq, under mild hypotheses on S (see [2] ).
Also in this paper, we will focus on the case of N-torsion coefficients, with N coprime to the residual (exponential) characteristic. Also in this setting, algebraic Artin motives are easily seen to embed in the effective categories of motives. 
THE RIGIDITY THEOREM
From now on, we fix a normal rigid analytic variety S over K. Once again, we recall that K is assumed to have finite ℓ-cohomological dimension, for any prime ℓ which is invertible in its residue field. The main aim of this section is the proof of the Rigidity Theorem, for motives with and without transfers. We state it here. We will divide the proof in two steps: we first show that the two functors are fully faithful, and we then prove that they are essentially surjective.
2.1. The Embedding Theorems. We now show that the functors above are fully faithful. As in the algebraic proofs (see [2] and [13] ) one of the key points is the equivalence between the Tate twisting motive and the sheaf of N-th roots of unity. Proof. We first produce the natural morphism between the two motives. The presheaf of abelian groups Oˆis represented by G an m,S . There is an obvious map of presheaves
where the first tensor is the free Λ-module over the set, while the second is a base change over Z Ñ Λ. As a map of sheaves, it factors over T S r´1s. On the other hand, we remark that by the Kummer exact sequence, we can write µ S,N r1s -Oˆb Z Λ in RigDA ef et pS, Λq. By shifting on both sides, we therefore obtain a morphism T S r´2sÑµ S,N in RigDA ef et pS, Λq as wanted. We now pass to the stable categories and we prove that this morphism becomes invertible. Using (the obvious rigid analogue of) [2, Lemma 3.4] it suffices to prove the statement in the case when S is affinoid, equal to Spa A. We remark that Tate algebras are excellent (see [15, 
in DAé t pSpec A, Λq induced by the analogous natural morphism between the two motives. Applying the analytification functor LAn˚: DAé t pSpec A, Λq Ñ RigDAé t pS, Λq to the isomorphism (2.2.1) we obtain the statement (using Proposition 1.10, (5)).
There is an analogous statement for motives with transfers.
Proposition 2.3. Let Λ be a N-torsion ring, where N is invertible in the residue field of K.
There is a natural isomorphism Proof. The natural morphism between the two motives is deduced by the morphism of Proposition 2.2. In order to prove that it is invertible, using (the obvious rigid analogue of) [ (5)).
From now on, we will adopt the usual notation for Tate twists in DpSé t , Λq, hence, for any object K in it, we will write Kpnq for the object K b µ bn N . The previous proposition can be rephrased by saying that Lι˚: DpSé t , Λq Ñ RigDAé t pS, Λq and Lι˚: DpSé t , Λq Ñ RigDM ef et pS, Λq preserve the twists. For the case of motives with tranfers, the previous proposition easily shows that the functor Lι˚is fully faithful, and proves the last claim of Theorem 2.1. The case of motives without transfers is more complicated. On the other hand, the proof of the next theorem is the straightforward rigid analytic analogue of [2, Corollaire 4.11]. We reproduce here its proof for the convenience of the reader. Proof. We divide the proof in several steps.
Step 1 
As M is compact, it is enough to show that the map
is invertible. We make a variable change and we swap RHom with homotopy colimits (see Lemma 2.6) and we rewrite the second term above as:
Step 2: We now prove that
By [4, Théoreme 4.3 .61] we know that we can compute morphisms between two spectra pS n q and pY n q in the (derived) category of N-sequences by taking level-wise the Hom -groups
In particular, an equivalence of spectra pY n q and pY 1 n q induces equivalences in the effective category
We deduce that the isomorphism of the claim follows from the equivalence of spectra
which is a consequence of Proposition 2.2.
Step 3: We now prove that for any m the object
is canonically equivalent (in the effective category) to:
Using again the line of reasoning of the previous step, and more specifically the equation (2.5.3) with k " 0, we see that it suffices to give to L :" pLι˚pKpnqqr2nsq nPN a structure of a spectrum, and prove the existence of a compatible equivalence
for any m. This second fact follows from Proposition 2.2 while for the first fact one can use the transition maps induced by the following equivalence in RigDAé t pS, Λq (Poincaré duality inétale cohomology, see [20, Section 7.5 
]):
Lι˚pKpnqqr2ns -RHom pT, Lι˚pKpn`1qqr2n`2sq
and eventually replacing Lι˚pKpnqqr2ns with a cofibrant-fibrant replacement in order to have genuine maps between complexes of presheaves.
Step 4: We now finish the proof. We take again (2.5.2) and we replace using Step 2:
We now swap RHom with hocolim (using again Lemma 2.6) and Step 3 to obtain
which is in turn canonically isomorphic to Lι˚K (by Poincaré duality).
The following technical lemma was used in the previous proof. Proof. As RigDA ef et pS, Λq is compactly generated (see Proposition 1.9) it suffices to test that for any compact object M attached to an affinoid variety X " Spa A smooth over S, the natural map
It suffices then to prove that X b T is also compact. In order to do this, we can prove (see [5, Page 54] ) that the motive attached to Spa AxT˘y is compact, which follows again from Proposition 1.9.
We pin down the following consequence of Theorems 2.4 and 2.5. By abuse of notation, under the hypotheses of the previous Corollary, we refer to objects of DpSé t , Λq as Artin motives as well.
2.2.
The proof of Rigidity. We can finally achieve the proof of Theorem 2.1. To this aim, we will use a (limited) version of the six functor formalism for rigid analytic motives, which is already present in [5] . We recall here the main properties that we will use. Remark 2.8. For the sake of readibility, we will drop L and R for derived functors, whenever the context allows it. In particular, we will write ι˚for the functors introduced in Definition 1.11. Theorem 2.9. Fix an affinoid algebra A. Let S be Spa A.
( These functors coincide with those induced by the map of analytic varieties f an according to Theorem 2.9(1). We can therefore use the notation pf an˚, f an q unambiguously.
On the other hand we point out that the full six functor formalism for rigid analytic varieties is not yet available in the literature (progress in this direction is being done by Ayoub, Gallauer de Souza and the second author). For this paper the limited version stated above will be enough. More precisely, we will need the following corollary: Corollary 2.11. Let f : W Ñ S be a smooth map of affinoid rigid analytic varieties and let p : P Ñ S be a composition of a Zariski closed embedding and the canonical projection P N,an S Ñ S for some N P N. Consider the following cartesian diagram
s invertible.
Proof. It suffices to consider separately the case when p is a Zariski closed immersion and when it is the projection P N S Ñ S over an affinoid variety. In the latter case, we have (see Theorem 2.9 p˚-p an ! -p 7 p´b Λp´Nqr´2Nsq wherep is the projection of schemes P Ñ S ÑS and where S is Spec OpSq. The commutation between this functor and f˚follows from the commutation of p 7 and f˚as shown below:
We now suppose that p is a Zariski closed embedding with complement j : U Ñ S. By means of (3) Proof. We first prove an auxiliary result, namely that for any complex L in DpPé t , Λq, we have Hom pΛ, p˚ι˚Lq -Hom pΛ, ι˚p˚Lq.
By the fully faithfulness of ι˚the second term can be re-written as
On the other hand, the first term can be re-written as
Hom pΛ, p˚ι˚Lq -Hom pp˚Λ, ι˚Lq -Hom pp˚ι˚Λ, i˚Lq --Hom pi˚p˚Λ, i˚Lq -Hom pp˚Λ, Lq -Hom pΛ, p˚Lq -Hom pι˚Λ, ι˚p˚Lq where we used the adjunction pp˚, p˚q, the fact that ι˚is fully faithful and the fact that p˚ι˚Λ -ι˚p˚Λ because both sheaves are isomorphic to the constant sheaf on P . Moreover, the natural transformation induces the identity on these groups, as wanted. We now prove the general statement. By Proposition 1.9 the category RigDAé t pS, Λq is generated by the motives of smooth affinoid varieties over S. It suffices then to prove that for each f : W Ñ S smooth and each L P DpPé t , Λq the natural transformation of the statement induces an isomorphism between the group Hom pf 7 Λ, p˚ι˚Lq and Hom pf 7 Λ, ι˚p˚Lq. We let L 1 be f 1˚L where the map f 1 (resp. p 1 ) can be introduced as the base change of f over p (resp. of p over f ). By means of the projective base change for rigid motives (see Corollary 2.11) we know that the former is canonically isomorphic to Hom pf 7 Λ, p˚ι˚Lq -Hom pΛ, f˚p˚ι˚Lq -Hom pΛ, p 1˚f 1˚ι˚L q -Hom pΛ, p 1˚ι˚L1 q.
On the other hand, by means of the proper base change for Artin motives (see [20, Proposition 4.4.1]) we see that the latter is isomorphic to Hom pf 7 Λ, ι˚p˚Lq -Hom pΛ, f˚ι˚p˚Lq -Hom pΛ, ι˚f˚p˚Lq -Hom pΛ, ι˚p 1˚L1 q.
The two are therefore canonically isomorphic by what we proved in the first part.
We end our list of preliminary statements with the following algebraic approximation result. we obtain that X i " Spa pA i q with A i a K-affinoid algebra that admits a presentation of the form
We are finally able to prove our main result. sends a set of compact generators to a set of compact generators, we deduce that it suffices to prove the claim for RigDAé t pS, Λq. The category RigDAé t pS, Λq is generated by motives of the form Λ S pY q with Y affinoid and smooth over S. We can consider an arbitrary covering tS i u iPI of S (resp. an arbitrary covering tY j u jPJ of Y ) and write Λ S pY q as the homotopy colimit of theCech hypercover induced by the covering tS iˆS Y u iPI (resp. tY j u jPJ ). Since Λ S pS iˆS Y q " pj i q 7 Λ S i pS iˆS Y q, with j i : S i Ñ S being the open inclusion, and pj i q 7 sends Artin motives to Artin motives, it suffices to prove that Λ S pY q is Artin, locally on S and Y .
According to Proposition 2.13, we can then suppose that ‚ S -Spa R is affinoid; is monoidal on effective motives (see its definition -Theorem 2.9(2)). We then deduce
where the last equality follows from the fact that ι˚is a tensor functor (the product in Sé t is the same as the one in Sm S .) In order to prove that Λ S pY q is Artin it suffices then to show that p an commutes with ι˚which is proven in Proposition 2.12.
APPLICATIONS
In this concluding section we describe three applications of our main theorems. We keep the hypothesis used so far, with the difference that now Λ is supposed to be any ring. We keep the notation that K is a complete non-Archimedean non-trivially valued field with finite ℓ-cohomological dimension, and S a normal rigid analytic variety over it.
3.1. Theétale realization functor. We follow [2] and we show how to use the Rigidity Theorem to produceétale realization functors. In particular, we can produce an ℓ-adic realization functor for the category RigDAé t pK, Qq completing the picture of "classical" realizations for rigid analytic motives (for a p-adic realization for this category see [30] and for a Betti-like realization see [28] ).
We first introduce the target category, which is the derived category of ℓ-adicétale sheaves, following Ekedhal. We refer to [2, Section 5] for details on this construction, which we simply adapt to the rigid analytic situation. We can make a direct-limit argument on coefficients and use Rigidity to produce ℓ-adic realizations. For a triangulated category T we denote by T comp the full subcategory of compact objects. Proof. For the functor R S,J , it suffices to copy verbatim the arguments of [2, Théorème 6.9]. Indeed, Rigidity gives rise to a canonical equivalence of tensor DG-categories RigDAé t pS, Λ{J˚q -DpSé t , Λ{J˚q. The realization functor is then defined by means of
where the first functor is induced by the obvious functor M Þ Ñ pM b Λ{J ‚ q from Λ -Mod to Λ{J˚-Mod. It is easily seen to take values in p DpSé t , Λ J q and to commute with f 7 , f˚. As for f˚one can use the proof of [2, Théorème 6.3] . We leave the details to the reader.
Following [2, Théorème 9.7] , in order to extend the functor R S,J (and its properties) to the functor R Q S,J one needs to prove that R S,J sends compact objects to the category p D ct pSé t , Λ J q. As already remarked in Proposition 2.13 a class of compact generators for RigDAé t pS, Λq is obtained by f 7 pΛqpnq with f : X Ñ Spa A Ă S is a smooth map of an affinoid variety X over an affinoid open subvariety Spa A of S. We can also suppose that X is open in a smooth variety j : X Ă Y an which is the analytification of a smooth A-scheme of finite type g : Y Ñ Spec A. By the commutation with the six operations and Theorem 2.9 we obtain R Y an ,J j 7 - Remark 3.3. Suppose Λ " Z and J " pℓq with ℓ a prime invertible in the residue field of K. We point out that the realization functor R computes ℓ-adic (co-)homology. In order to do so we first put Λ 1 " Z{ℓ N and compute, for any p : X Ñ S in Sm S using Rigidity:
We deduce, by Theorem 3.2 (1) , that RHom pR S,ℓ Z S pXq, Z ℓ q -Rp˚Z ℓ .
Remark 3.4. We point out that the ℓ-adic realization can alternatively be constructed using the universal property of rigid motives and the pro-étale cohomology [9, 23] . This is particularly convenient in order to define an 8-category DpS proét , Λ b Qq containing p DpSé t , Λ J b Qq as a full subcategory, allowing one to extend the functor R Remark 3.5. In order to prove that R S,J sends compact objects to constructible complexes, one could also argue by considering the composition with each s˚which is canonically equivalent to the change of coefficients RigDAé t pS, Λq Ñ RigDAé t pS, Λ{J s q (see Theorem 3.2 (1)). This functor has a right adjoint which commutes with sums, hence it preserves compact objects. The result then follows from the comparison between compact and constructible complexes see [24, Proposition 20.17 ].
In case the base variety is the analytification of a quasi-projective scheme S over a Tate algebra A, one can consider the analytification functor between algebraic and analytic motives. It is known that theétale cohomology of S coincides with the one of S an . We have the following motivic strengthening of this fact. 
By construction, it suffices to prove that the analytification functor is compatible with the functors arising with the change of coefficients Λ Ñ Λ{ℓ N which is obvious.
Remark 3.7. By putting S " Spa K the Rigidity Theorem gives equivalences
In particular, ℓ-adicétale cohomology is insensitive to analytification, which is already shown in [20 for the definition of the Frob-étale topology and its relation with motives). We claim that these functors are already equivalences for RigDAé t pK, Λq. The relative Frobenius maps on Sm K induce an endofunctor Φ and a natural transformation Φ ñ Id in RigDAé t pK, Λq. We let T be the full triangulated subcategory of those objects where the natural transformation is invertible. By the separatedness property of DAé t pK, Λq (see [2, Théorème 3.9]) the category T, which is obviously closed under sums and cones, contains the motives of the form LAn˚M with M P DAé t pK, Λq. But such motives generate the whole category (by [5, Théorème 2.5.35]) so that T " RigDAé t pK, Λq as wanted.
Using the same strategy as in [2] we can promote the comparison above to motives with Zr1{ps-coefficients using the Rigidity Theorem. Proof. It suffices to adapt the proof of [2, Corollaire B.3] to rigid motives. We recall this argument for the convenience of the reader.
We remark that the functor La tr : RigDAé t pK, Λq Ñ RigDMé t pK, Λq sends a generating set of compact objects of the first category (motives of the form ΛpSqrnspkq with S affinoid, etale over B N K ) to a generating set of compact objects of the second (motives Λ tr pSqrnspkq with S as before). By means of [5] [Lemme 1.3.32] it then suffices to show that for any such M, N compact in RigDAé t pK, Λq the map (3.9.1) Hom RigDAé t pK,Λq pM, Nq Ñ Hom RigDMé t pK,Λq pLa tr M, La tr Nq is bijective. We remark that for any map of rings Λ Ñ Λ 1 and any object N of RigDAé t pK, Λ 1 q (resp. RigDMé t pK, Λq) we have the following adjunctions
Hom RigDMé t pK,Λq pM b Zr1{ps Λ, Nq -Hom RigDMé t pK,Zr1{psq pM, Nq and since we may assume that M " ΛpSqrnspkq -Zr1{pspSqrnspkq b Λ it suffices to consider the case Λ " Zr1{ps. We can consider the exact triangle
and tensor it with N, where the colimit ranges over primes ℓ ‰ p and natural numbers k. Since M as well as La tr M are compact, we are reduced to proving the bijectivity of (3.9.1) for the cases N " N b Q and N " N b Z{ℓ k separately. Using the adjunctions above once more, one can test the fully faithfulness of La tr in the cases Λ " Q and Λ " Z{ℓ k which follow from Theorem 3.8 and Theorem 2.1 respectively. Remark 3.10. Even though there is a version of Theorem 3.8 which holds also for effective motives (see [29, Theorem 4.1] ) there is no effective version of the Rigidity Theorem without transfers, so that Theorem 3.9 cannot be stated for effective motives.
3.3. The motivic tilting equivalence with Zr1{ps-coefficients. In this section we focus on rigid motives over perfectoid fields and we answer positively to the conjecture stated in [27, Remark 7.28] . We recall that a perfectoid field K is a non-Archimedean field such that |p| ă 1 for a prime p and that the Frobenius morphism O K {p Ñ O K {p is surjective (classical examples include C p or the completion of Q p pµ p 8 q). The interest about these objects comes from the tilting functor K Þ Ñ K 5 which associates to K a perfectoid field of characteristic p (in the examples above, one obtains the complete algebraic closure of F p ppTand the completion of F p ppT 1{p 8respectively). It can be restated motivically as an equivalence between Artin motives over the two fields. The main result of [27] is the extension of this result to a motivic tilting equivalence, where we write RigDAé t pK, Λq for RigDAé t pSpa K, Λq. We refer to [27] for a thorough discussion of this result and its meaning. We summarize here the construction of the connecting functor.
One can consider the category of perfectoid motives PerfDAé t pKq which is obtained by considering motives over theétale site of (geometrically) smooth perfectoid spaces over K (homotopies are defined over the perfectoid disc p B 1 " Spa KxT 1{p 8 y and the twist is defined by considering the cokernel of the map of sheaves Λ Ñ ΛpSpa KxT˘1 {p 8 yq). Scholze's tilting equivalence [22, Theorems 1.9 and 1.11] straighforwardly implies that the adjunction induced by the tilting functor L5˚: PerfDAé t pK, Λq Ô PerfDAé t pK 5 , Λq : R5i s an equivalence (for any Λ).
In the case when char K " p, the perfection functor induces an adjunction (3.12.1) L Perf˚: RigDAé t pK, Λq Ô PerfDAé t pK, Λq : R Perfẘ hich is shown to be invertible if Λ is a Q-algebra (see [27, Theorem 6.9] and the proof of Theorem 3.8 to deduce the stable statement without Frob-localization).
Suppose now char K " 0. As a further auxiliary category, one can also introduce sPerfDAé t pK, Λq which is the motivic category over theétale site of "semi-perfectoid spaces", that is: those adic spaces which are locallyétale over B nˆp B m (homotopies are considered over p B 1 and the twist is defined by considering the cokernel of the map of sheaves Λ Ñ ΛpSpa KxT˘1yq (we follow here the notation of [31] . This category is denoted y RigDAé t, p B 1 pK, Λq in [27] ). The canonical inclusion ofétale sites induces a Quillen adjunction:
Lι˚: RigDAé t pK, Λq Ô sPerfDAé t pK, Λq : Rι1 and one can produce explicitly a functor (see [27, Proposition 7.22 
])
Rj˚: sPerfDAé t pK, Λq Ñ PerfDAé t pK, Λq.
Explicitly, it maps a spectrum tM i u iPN to the spectrum tj˚M i u iPN where pj˚, j˚q is the Quillen equivalence on effective motives induced by the inclusion of sites from perfectoid spaces in semi-perfectoid spaces.
In particular, even in characteristic 0, one has a connecting functor (3.12.2) Rj˚Lι˚: RigDAé t pK, Λq Ñ PerfDAé t pK, Λq which is shown to be invertible if Λ is a Q-algebra (see [27] ). The contribution of this paper to this topic is the following theorem. Proof. The proof is divided in several steps.
Step 1. We first claim that the perfection functor (3.12.1) is an equivalence. Indeed, the functor L Perf˚sends a set of compact generators to a set of compact generators (see [27, Proposition 3.30] ). We can therefore argue like in the proof of Theorem 3.9 (see also [2, Corollaire B.3] ) and consider separately the case Λ " Q and Λ " Z{ℓ N with ℓ prime different from p. This first case is known to be invertible (see [27, Theorem 6.9] ). We can assume now that Λ is a torsion ring. The isomorphism Λp1q -µ S,ℓ N holds in RigDAé t pK 5 , Λq -DpK Step 2. We now assume char K " 0 and we prove that F :" Rj˚Lι˚is also an equivalence. We can not argue as in the previous step since it is not clear that the functor F sends compact objects to compact objects. On the other hand, we remark that it commutes with small sums (see [27, Remark 7.23] ) so that, by Brown's representability theorem, it has a triangulated right adjoint G. As in the proof of Theorem 3.9 we may and do suppose that Λ " Zr1{ps. We use the same letters F and G to indicate these functors defined when Λ " Q and Λ " Z{ℓ in which cases we know they are equivalences of categories (by [27, Theorem 7.10] and by Rigidity together with Step 1, respectively).
Step 3. By (the obvious analogues of) [ (1) Each (Quillen) functor induced by base change ρQ : RigDAé t pK, Zr1{psq Ñ RigDAé t pK, Qq and ρl : RigDAé t pK, Zr1{psq Ñ RigDAé t pK, Z{ℓq with ℓ ‰ p prime has a conservative right adjoint ρ Q˚r esp. ρ ℓ˚a nd the set tρQ, ρl u ℓ‰p is a conservative family.
We now prove that F and G commute with the base changes functors ρ˚(in both cases Q or Z{ℓ). From the conservativity stated in (1) one deduces the following: if G commutes with ρ˚(which amounts to say that F commutes with ρ˚) then it commutes with ρ˚if and only if it commutes with ρ˚ρ˚which is´b Q or´b Z{ℓ respectively (property (2)). From the property (3) any triangulated additive functor (like G) commutes with´b Z{ℓ. Also, in order to show GpS b Qq -GS b Q it suffices to check that for any compact object A one has Hom pA, GpS b Qqq -Hom pA, GS b Qq and this follows from adjunction and the property (4) . It then suffices to show that F commutes with ρ˚. We recall that F is the composition of Lι˚(which obviously commutes with ρ˚) and Rj˚which is termwise defined by means of j˚which is the effective Quillen right adjoint induced by the inclusion of perfectoid spaces in semi-perfectoid ones. We are left to prove that this functor commutes with ρ˚. Since its left adjoint obviously does, we deduce the claim by the adjunction arguments above.
Step 4. We can finally prove the statement of the theorem. Fix S in RigDAé t pK, Zr1{psq. We want to prove that F GS -S -GF S. By the property (1) it suffices to show this after applying ρQ and ρl . Since F and G commute with them as shown in Step 3, the claim follows from [27, Theorem 7.10] and Rigidity paired up with Step 1. We remark that along the proof we have shown the compatibility of F with the functor ρ˚over Z{ℓ N . By construction, this is enough to prove that F is compatible with the ℓ-adic realization functors.
Remark 3.14. There is also an effective version of the motivic tilting equivalence with transfers (see [27] ). Once it is paired up with the Cancellation Theorem [5, Théorème 2.5.38] and Rigidity, it enables one to prove that the equivalence of Theorem 3.13 (which can also be stated for RigDM using Theorem 3.9) restricts to an equivalence:
which is the effective version of the previous theorem (with transfers).
We recall that the fields K and K 5 have the same residue field k. In particular, for both of them we have a canonical Quillen adjunction ξ : DAé t pk, Λq Ô RigDAé t pK, Λq : χ
It is obtained in the following way: first, we can consider the following equivalence, induced by the special fiber functor X Þ Ñ X k (see [ nduced by generic fiber functor X Þ Ñ X η . In particular ξpΛpX k-ΛpX η q for any smooth formal scheme topologically of finite type X over O K . In [31] it is shown that these functors commute with the motivic tilting equivalence, whenever Q Ă Λ. With Rigidity, we can now complement this result for any Λ where p is invertible.
Corollary 3.15. Let K be a perfectoid field of residual characteristic p and let Λ be a Zr1{ps-algebra. Up to a natural transformation, the following diagram of monoidal DG-categories is commutative.
Proof. We can assume char K " 0 and we follow the notation and the proof of [31, Theorem 3.6] . In particular we use the notion of perfectoid space over k introduced in Section 2 of 
We therefore obtain a natural transformation
It can be pre-composed with the natural transformation
btained from Lj˚˝L Perf˚ñ Lι˚(which is induced by the canonical projection to X from the perfection X Perf ). We recall that the tilting equivalence is given from left to right by the functor R Perf˚˝L5˚˝Rj˚˝Lι˚. It suffices then to show that
is invertible. Using the same strategy as the proof of Theorem 3.13 we can consider separately the case Λ " Q and the case Λ " Z{ℓ. The first case is dealt with in [31] while for the second we can invoke the Rigidity Theorem, and the fact that in this case R Perf˚˝L5˚˝Rj˚˝Lι˚is just the tilting of Artin motives DpKé t , Λq -DpK 5 et , Λq.
APPENDIX A. RIGIDITY FOR RIGID MOTIVES WITH TRANSFERS OVER K
In this appendix, we present an alternative, more "geometric" proof of the Rigidity Theorem for RigDMé t pK, Λq with Λ " Z{ℓ N , where we write as usual RigDMé t pK, Λq for RigDMé t pSpa K, Λq. This proof has the advantage of being independent on the full algebraic Rigidity Theorem in its relative form, but relies only on its version over fields for DMé t pK, Λq [21, Corollary 4.8, Theorem 9.35] and for DAé t pK, Λq [2, Lemme 4.6].
We remark that the following proof is just an adaptation of a proof by Ayoub [5, Théorème 2.5.34] mixed with the results on ℓ 1 -alterations of Gabber and Temkin. We will heavily refer to [5, Théorème 2.5.34] and only explain the points where the argument needs to be adapted to our situation.
As usual, we let K be a complete non-Archimedean valued field, we suppose that ℓ is a prime which is invertible in the residue field of K and that K has a finite ℓ-cohomological dimension. We let Λ be Z{ℓ N for some N P N ą0 .
Theorem A.1. The functor Lι˚: DpKé t , Λq Ñ RigDMé t pK, Λq is an equivalence of categories.
Proof. Rigidity for DMé t pK, Λq implies Proposition 2.3 in the case S " Spa K using the derived analytification functor LAn˚. We then know that Lι˚is fully faithful (cf. Theorem 2.4). In order to conclude the theorem, it suffices to show that a motive of the form Λ tr pXq is Artin, for any given smooth rigid variety X over K.
We remark that motives which are potentially of good reduction (see the definition before [5, Théorème 2.5.34]) are Artin: this follows by combining Lemma A.4 with Lemma A.2. It then suffices to show that Λ tr pXq is in the triangulated category with small sums generated by motives which are potentially of good reduction.
To this aim, it suffices to follow verbatim the proof of [5, Théorème 2.5.34] with the following slight changes.
- Proof. We can consider the adjoint pair e 7 : RigDMé t pL, Λq Õ RigDMé t pK, Λq : ei nduced by the smooth map Spec L Ñ Spec K and observe that it restricts to Artin motives. In particular, if Λ tr pSq is Artin then also Λ tr pS L q is. Vice-versa, we can assume that L{K is a normal extension and we suppose that Λ tr pS L q is Artin over L. Then, also e # pΛ tr pS L" Λ tr K pS L q is Artin. We can then consider theCech hypercover U ‚ of S induced by S L Ñ S and remark that at each stage it is isomorphic to a disjoint union of copies of S L . In particular the simplicial motive Λ tr pU ‚ q is lewel-wise Artin, and hence also ΛpSq -hocolim Λ tr pU ‚ q is, since Artin motives are closed under sums and cones.
